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Abstract. In this paper, we give a family of rational maps whose Julia sets are Cantor circles 
and show that every rational map whose Julia set is a Cantor set of circles must be topologically 
conjugate to one map in this family on their corresponding Julia sets. In particular, we give the 
specific expressions of some rational maps whose Julia sets are Cantor circles, but they are not 
topologically conjugate to any McMuUen maps on their Julia sets. Moreover, some non-hyperbolic 
rational maps whose Julia sets are Cantor circles are also constructed. 



1. Introduction 



O 
(N 

Ch The study on the topological properties of the Julia sets of rational maps is a central problem 

I ^ in complex dynamics. For each degree at least two polynomial with disconnected Julia set, it 

was proved that all but countably many components of the Julia set are single points in |QY| . 
For the rational maps, the Julia sets may exhibit more complex topology. Pilgrim and Tan 
proved that if the Julia set of a hyperbolic (more generally, geometrically finite) rational map is 
disconnected, then, with the possible exception of finitely many periodic components and their 
Q countable collection of preimages, every Julia component is either a point or a Jordan curve \PT\ 

Theorem 1.2]. In this paper, we will consider one class of rational maps whose Julia sets possess 
simple topological structure: each Julia component is a Jordan curve. 

A subset of the Riemann sphere C is called a Cantor set of circles (sometimes Cantor circles in 
short) if it consists of uncountably many closed Jordan curves which is homeomorphic to C x S^, 
where C is the middle third Cantor set and is the unit circle. The first example of rational 
T— I map whose Julia set is a Cantor set of circles was discovered by McMullen (See |Mck §7]). He 

^ showed that if f{z) = + X/z^ and A is small enough, then the Julia set of / is a Cantor set 

Q.^ of circles. Later, many authors focus on the following family, which is commonly referred as the 

\^ McMullen maps: 

(N g^{z) =£ + ri/z\ (1.1) 

where k,l > 2 and r] £ C \ {0} (See |DLm [5tl |QWY| and the references there in). These special 
rational maps can be viewed as a perturbation of the simple polynomial go{z) = z^ il r] is small. 
I It is known that when 1/fc + 1// < 1, there exists a punched neighborhood M. centered at origin 

ju^ in the parameter space, which is called the McMullen domain, such that when r] € A4, then the 

kvJ Julia set of grj is a Cantor set of circles (See \Mc\ §7] for /c = 2, Z = 3 and |DLm §3] for the general 

rS cases) . 

There are following three natural questions: (1) Besides McMullen maps, does there exist any 
other rational maps whose Julia sets are Cantor circles? (2) If the answer of first question is yes, 
what do they like? Or in other words, can we find out their specific expressions? (3) Can we find 
out all the rational maps whose Julia sets are Cantor circles in some sense? This paper will give 
affirmative answers to these questions. 

By quasiconformal surgery, we can obtain many new rational maps after disturbing the imme- 
diate super-attracting basin centered at oo of 5^ into a geometric one. Fix one of them, then this 
map is not topologically conjugate to Qr, on the whole C. But they are topologically conjugate 
to each other on their corresponding Julia sets. In particular, /ic,r?(-z) = i ° (-^'^ + c) o ^ -|- r//z' 
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is an example, where \/k + 1/1 < 1 and c,r] £ C \ {0} are both smaU enough. However, these 
types of rational maps can be also regarded as the McMullen maps essentially, which are not we 
want to find since they can be obtained by doing a surgery only on the Fatou sets of the genuine 
McMullen maps. So it will be very interesting to find out other types of rational maps with 
Cantor circles Julia sets which are not topologically conjugate to any McMullen maps on their 
corresponding Julia sets. 

The existence of "essentially" different types of rational maps from McMullen maps was known 
(See |HPl §§1,2]). In this paper, we will give the specific expressions of these types of rational 
maps, not only including the cases discussed in jHPj , but also covering all the rational maps 



whose Julia sets are Cantor circles "essentially" (See Theorem 1.2). Let p E {0, 1}, n > 2 be an 
integer and di, - ■ ■ ,dnhen positive integers such that Y17=i ^- define 



n- 



= z^-'^"-"^^ n(-*"''""^ - af +^-^)(-^)"-^-^ (1.2) 

i=l 

where ai, • • • , a„_i are n — 1 small complex numbers satisfying < |ai| < • • • < |an-i| < 1. In 
particular, if n = 2, then fi^di,d2(z) = z'^^ — af^'^'^^ / z'^'^ is the McMullen map which is well studied 
by many authors. Moreover, /o,(ii,d2 (■^) ~ ^'^1/(^2:^1+^2 _ a^i+'^s) ig conformally conjugated to the 
McMullen map z z'^^ + rj/z'^^ for some rj 0. The degrees of fp^^,- 4^ at and 00 are di 



and dn respectively and deg{fp^di,- ,dn) — T^l=idi- For each element in the family (1.2), it is 
easy to check that and 00 belong to the Fatou set of /p,di,- - ,d„- Let Dq and Doo be the Fatou 
components containing and 00 respectively. There are four cases: 

(1) If p = 1 and n is odd, then /{Dq) = Dq and f{Doo) = 

(2) If p = 1 and n is even, then /(Dq) = D^o and /(Dqo) = 

(3) If p = and n is odd, then /{Dq) = D^o and /(-Doo) = -Co; 

(4) If p = and n is even, then /{Dq) = Dq and /(-Coo) = Dq. 



■'00 1 
^00 1 



Firstly we will find out suitable parameters Oj in (1.2), where 1 < z < n — 1, such the Julia set 
of each /p,di,-,dn ™ ^^'^ cases stated above is a Cantor set of circles. Let ^ = Y^^=i a" ^^^^ 
-ftT > 3 be the maximal number of di, • • • , dn- 

Theorem 1.1. // |a„_i| = (siK-2)i/dn ^^j^ i^.j = {siK-^)^/'^^+-'\ai+i\ /or 1 < i < n - 2, 
where si > is small enough, then the Julia set 0/ /i^d\.--- ,d„ is a Cantor set 0/ circles. 1/ 
|a„_i| = (si/"!n+(i-?)/3)i/d„ |^.| ^ (sJ+^/"'"+2(^-«)/^)iM+i|ai+i| /or 1 < i < n - 2, where 
sq > is small enough, then the Julia set 0/ /Q^di,— ,d„ is a Cantor set 0/ circles. 



To some extent. Theorem 1.1 means that we have found a family of rational maps whose 
Julia sets are Cantor circles with parameters si and sq. These rational maps can be seen as the 
perturbations of z'*" or z"*^" (according to p = 1 or 0) since si and sq can be arbitrarily small. 



The specific value ranges of si and sq are given in Section [2] (See ((2I]) and ^^). Moreover, it 



will be shown that if n > 3, then each /p^di,--,dn topologically conjugate to any McMullen 

maps on their corresponding Julia sets (See Theorem |2.5| ). This means that we have found the 
specific expressions of rational maps whose Julia sets are Cantor circles which is "essentially" 
different from McMullen maps. 

Note that if the Julia set J{/) of a rational map / is a Cantor set of circles, then there exists 
no critical points on the J{/) since each Julia component is a Jordan closed curve (See Lemma 



3.1). This means that every periodic Fatou component of / must be attracting or parabolic. In 



fact, we have 

Theorem 1.2. Let / be a rational map whose Julia set is a Cantor set 0/ circles. Then there 
exist p G {0,1}, positive integers n > 2 and di,--- ,dn satis/ying Yli^=i 3" < ^ such that / is 
topologically conjugate to /p^di,— ,d„ on their corresponding Julia sets /or suitable parameters ai 
appeared in Theorem \l.l\ where 1 < i < n — 1. 
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Since the dynamics on the Fatou set can be disturbed freely, it fohows from Theorem 1.2 that 
we have found "all" the possible rational maps whose Julia sets are Cantor circles. A rational map 
is hyperbolic if all critical points are attracted by attracting periodic orbits. For the regularity of 
the Julia components of fp^di,— ,d„j it can be shown that each Julia component of fp^di,— ,dn is a 



quasicircle if fp^di,---,d„ is hyperbolic (See Corollary 3.3). 

From the topological point of view, all Cantor sets of circles are the same since they are all 
topologically equivalent to the "stand" Cantor set of circles C x S^, where C is the middle third 
Cantor set and §^ is the unit circle. Therefore, to obtain much richer structure of all Cantor 
sets of circles, we can look at the Cantor circles equipped with metric from the point of view of 
quasiconformal geometry. In fact, a basic problem in the quasiconformal geometry is to determine 
whether two given homeomorphic metric spaces are quasisymmetrically equivalent to each other. 

Let {X, dx) and {Y, dy) be two metric spaces. If there exist two homeomorphisms f : X 
and C : [0, oo) [0,oo) such that dy {f {x) , f (y)) / dy if (x) , f {z)) < C{dx{x,y) / dx{x, z)) for every 
distinct points x,y,z G X. Then {X,dx) and {Y,dy) are called quasisymmetrically equivalent 
to each other. The conformal dimension confdim(X) of X is the infimum of the Hausdorff 
dimensions of all metric spaces which are quasisymmetrically equivalent to X. 

Let Jp^di,-,d„ be the Julia set of fp,di,-,d„ for n > 2. In the following, we always assume that 
Oj is chosen like in Theorem |1.1| such that Jp.di,--- ,d„ is a Cantor set of circles since we are only 
interested in this case. Meantime, we assume that rj is small enough such the Julia set Jk^i of 
McMuUen map defined as in ( |1.1[ ) is a Cantor set of circles, where \/k + l/l < 1. If di = n + 1 
for every 1 < i < n, we use /„ to denote fp^n+i,- ,n+i and let Jn be its corresponding Julia set. 

Theorem 1.3. The conformal dimension of Jp^di,--- ,d„ is confdim( Jp^^^^... ^rf^) = 1 + ap^di,-- ,d„, 
where oip^di,--- ,d„ is the unique positive root of 



''•"1 ■ 1. (1.3) 

i=l 

In particular, if di = n + 1 for every 1 < i < n, then a„ := ap^di,— ,dn = log(n)/log(n + 1). // 
m ^ n, then am c^n- Ifn>3, then a„ ^ a^^i for every k,l >2 such that 1/k + l/l < 1. 



Theorem 1.3 gives a specific example to verify that there exist hyperbolic rational maps whose 
Julia sets are Cantor circles and whose conformal dimensions are arbitrarily close to 2 (See \HP\ 
Theorem 2]). From the proof of Theorem |1.1| we know that all fp,di,---,d„ are hyperbolic. Note 
that the conformal dimension is an invariant of the quasisymmetric class of a metric space (See 
[MT]) and the Julia set of every hyperbolic rational map has Hausdorff dimension strictly less 



than 2 (See [Su| Theorem 4 and Corollary]). Therefore, Theorem 1.3 has following two immediate 
corollaries: 

Corollary 1.4. For any m,n>2, the Julia sets Jm and Jn are quasisymmetrically equivalent to 
each other if and only ifm = n. Moreover, ifn>2>, then Jn is not quasisymmetrically equivalent 
to any J^^i for 1/k + l/l < 1. 

Corollary 1.5. The Hausdorff dimension Hdim(J„) of Jn satisfies 

1 + log(n) / log(n + 1) < Hdim( J„) < 2. 

If rj is small enough, then 5^ is hyperbolic (See |DLU] ). Now we construct some non- hyperbolic 
rational maps whose Julia sets are Cantor circles. Let m, n > 2 be two positive integers satisfying 
l/m + l/n<l and A G C \ {0}, we define 



^((l + z)'^-l) + A™+'^ 



m+n 



p.(z) = ^ - fl 4) 

It is straightforward to verify that is a parabolic fixed point of P\ with multiplier 1. We have 

Theorem 1.6. // < |A| < l/{2^^'^n^), then Px is non-hyperbolic and its Julia set is a Cantor 
set of circles. 
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Inspired by Theorem we can construct more non-hyperbolic rational maps such the Julia 
sets of them are Cantor circles. For simplicity, for each n > 2, we only consider the case di = n + 1 
for every 1 < i < n. For every n > 2, we define 

Pniz) = A. ^^ J^l^,^, n (-"^' - br-^^r'^'-' + Br., (1.5) 

i=l 

where 6i, • • • , are n — 1 small complex numbers satisfying 1 > > • • • > > and 

^"-l + (2n + 2)C.iV^ ^ '^"-l + (2n + 2)C„^"^^"-^ l-h^^^^ ' 

1=1 1=1 * 

(1.6) 

The terms An and i?„ here can guarantee that -Pn(l) = 1 and P'^i^) = 1- Namely, 1 is a 



parabolic fixed point of Pn with multiplier 1 (See Lemma 6.1). 



Theorem 1.7. For every n>2 and 1 < i < n — 1, if \bi\ = s* for < s < l/(25n^), then Pn is 
non-hyperbolic and its Julia set is a Cantor set of circles. 

It can be seen later the dynamics of P„ on their Julia sets are conjugated to that of /„ for 
every n > 2 (p = 1). One of the difference between their dynamics on the Fatou sets is the 
super- attracting basin of fn at oo is replaced by a parabolic basin of Pn- 

This paper is organized as follows: In section [2| we do some estimates and prove Theorem |1.1[ 
In section [3j we prove Theorem 1.2 In section |4| we consider the quasisymmetric geometric of 



Cantor circles and prove Theorem 1.3 and Corollaries 1.4 and 1.5 In section [5j we show that 



the Julia set of Px is a Cantor set of circles if A is small enough and prove Theorem |1.6[ We will 
prove Theorem |1.7| in section [6] and leave a key lemma to the last section. 

Acknowledgements. The authors would like to thank Guizhen Cui for his useful discussions. 

Notations. We will use the following notations throughout the paper. Let C be the complex 
plane and C = CU{oo} the Riemann sphere. For r > and a G C, let D(a, r) := {z G C : \z — a\ < 
r} be the Euclidean disk centered at a with radius r. In particular, let Or '■= 0(0, r) be the disk 
centered at the origin with radius r and := dDr be the boundary of D^. As usual, D := Di 
and := Ti denote the unit disk and the unit circle, respectively. For < r < R < +00, let 
^r,R ■= {z G C : r < \z\ < R} be the round annulus centered at the origin. 



2. Location of the critical points and the hyperbolic case 
First we give some basic and useful estimations. 

Lemma 2.1. Let n>2 be an integer, a £ C \ {0} and < e < 1/2. 

(1) // |z - a| < £\a\, then - a"| < ((1 + e)'^ - 1) |a|"; 

(2) If |z" — a"| < e\a\'^, then \a/z\" < 1 -|- 2e and \z — ae^'^*-'/"| < e\a\ for some 1 < j < n; 

(3) IfO<e< l/n, then ne < (1 e)" - 1 < 3ne and ne/3 < 1 - (1 - e)" < ne. 

Proof. Let z = a(l -|- re*^) for < r < e and < ^ < 2tt, then 

|z" _ a"| = 1(1 + re'^)" - 1| • ja]" < ((1 + e)" - 1) lal". 

This proves (1). The first statement in (2) follows from |a/2:|" < 1/(1 — < 1 + 2e if < 
e < 1/2. For the second statement, let z" = a"(l -|- re*^) for < r < e and < 9 < 2-71, then 
z = ae^'^*-'/"(l -|- re*^)^/" for some 1 < j < n and we have 

\z _ ae2"*^>| = 1(1 + re'^f/'' - 1| • \a\ < ((1 + e)^/" - 1) • \a\ < e\a\ 

if n > 2. The claim (3) can be proved by using Lagrange's mean value theorem to x 1— )• x" on the 
intervals [1, 1 -|- e] and [1 — e, 1] respectively. The proof is completed. □ 
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Fix n > 2 and let di, • • • ,dn > 2 be n positive numbers such that ^ = X^ILi 3^ < Recall 
that > 3 is the maximal number among di, - ■ ■ , dn- Let ui = siK^^ and vi = siK~'^, where 

< si < min{i^-^«/(i-«\ ^ ^_ ^2T) 

Let no = 4+V<^.+2(i-0/3^ ^ ,i/^.+(i-0/3^ ^^^^^ 

< so < min{2-(i-«)"(i+i/'^"-2«/3)-\ (4K)-3/(i-C),i^-2i^(i+i/rfn+2(i-0/3)-^} < i. (2.2) 

For p G {0, 1}, let |an-i,p| = Vp^^" and |aj^p| = Up^'^^'^^ be the n — 1 parameters in the family 

fp,di,- ,d„i where 1 < i < n — 2. Since the cases p = and p = 1 can be discussed uniformly in 
generally, we use s, u, v and Cj, respectively, to denote Sp, Up, Vp and ai^p for simplicity when the 
situation is clear, where \ < i < n — 1. 

Lemma 2.2. (1) u'^/^ < K~*. 

(2) // 1 < J < i < n — 1, then \aj/ai\ < . 

(3) If p = 1, then 

(3a) is/\ai\y^ < su/{2v) = sK-'^/2 and 
(3b) {\ai\/sY^v/2 > K. 

(4) lfp = 0, then 

(4a) 2E:u/i; < s and l/{2Kv) > {2/8^/'^"; 
(4b) {s/\ai\)'^^ < sv/2 < nV2/2 and 
(4c) (|ai|/s)'^i'u/(2^;) > (2/s)i/'^". 



Proo/. (1) From K^ and we have si < iv:5-2^ and so < K-2^^(i+Vdn+2(i-0/3) \ This 



means that ul^^ = [siK'^fl^ < K''^ and uj^ < K"^. 

(2) If j = i, then (2) is trivial. Suppose that l<j<i<n — 1, then 

1 I i_j 

\aj/ai\ = u'^:i+^ < 

since K > di for 1 < i < n. This proves (2). 

(3) If p = 1, then u = sK~^ and v = sK~'^. Since s < ^"^5/(1-0^ we have s^~'^i^^^ < 1, so 

1 L _('J_4- 4_J_^ 'iC — -I I J- 1 I ^ J_ JL 



This is equivalent to s '^i 2^*1 X ''i /|ai| < 1 since 



So we have (s/|ai|)'^i < su/{2v) = sK~^/2 and (3a) is proved. Moreover, (3b) can be derived 
from (3a) directly since (|ai|/s)'^i > 2K^/s = 2K/v. 

(4) If p = 0, then u = si+V'^n+2(i-0/3^ ^ ^ siM.+{i-0/3, Ymm we know AKs^'^-^^/^ < 1, 



which means 2Ku/v = 2Ks^+(^"^)/3 < s. Note that 2i+i/'^"E:s(i-^^< 1, which is equivalent to 
l/{2Kv) > (2/s)i/°'". This ends the proof of (4a). 



From (2.2), we know that 

1 > 2s(i-«)(i+i/"'"-2^/3) > 2dTs(l"?)(l+lM.-2?/3) 
1 1 1 ('J-+...H j—l+J-i- J^4-...+J--)+ ^S(i-S) 

= 2 ''is '^1 / S '^'^ ^d„_i ''^dn Vdi ^ ^dn'^ 3 

> 2^s^^^ / s^'^^ ^d~r^'*'d;^*-^"' ^d^^~^ 3^(d7+2(d^H ^d~i")+d;;:) 

= s^~^{2/v)^ /\ai\. 

This means that {s/\ai\Y^ < sv/2 = u^/^s^^+^/'^"^/^ /2 < u^/'^/2. So (4b) holds. 
The proof of (4c) is similar to (4b). We just need to note that 

1 > 2s(i-«)(i+i/'^"-2C/3) > 2ir(i+d^)s(i-0{i+i/rfn-25/3) > (s/\ai\){2v/u)^{2/sy 
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This means that {\ai\/sY^u/{2v) > □ 

In the fohowing, we use / to denote fp^di,-,d„ for simphcity. Note that and c« are critical 
points of / with multiphcity di and dn respectively, and the degree of / is J27=i'^i- Denote 
Di = di + dj+i, we have 5 < Dj < 2K, where 1 < i < n — 1. Besides and oo, the rest Y^^=i 
critical points of / are the solutions of 



(2.3) 



1=1 



For 1 < i < n — 1, let CPi := {wij = rjCj exp(7rz^^) : 1 < j < Di} be the collection of Di 
points lying on the circle Tj-.i^.! uniformly, where rj = °ifdifdij~\. The following lemma shows 
that the Di free critical points of / are very "close" to \J^Zi CPi. 

Lemma 2.3. For every Wij £ CPi, where 1 < i < n — 1 and 1 < j < Di, there exists Wij, which 
is a solution of (2.3), such that \wij — Wij\ < uK\ai\. Moreover, Wi-^^j-^ = Wi^j^ if o.'^d only if 
(n,Ji) = («2,J2)- 



Proof. Note that the right equation of (2.3) is equivalent to 



(-1)""^ ( - A + ^^(^) = 0' (2.4) 



where 



G.,{z)= '— + {-lTd, + {-lT-'di. (2.5) 



Timing (z^' — a^')/di+i on both sides of (2.4), where l<i<n — l,we have 



+ d,af^/di+i) + (z^» - afO G,(z)/d,+i = 0. (2.6) 

Let Vii = {z : +dja f '/(j ^+il < s |aj|^'}, where e = uk and 1 < i < n — 1. For every z G fij, 
since e < K~'^ by Lemma 2.2 '1), we have 

K'^ < di/di+i - e< \z/ai\^^ < di/di+i +e < K -l< K. (2.7) 

This means that 

K-'^ < \ai/zf' < K and therefore K'^ < \ai/zf < K. (2.8) 

If 1 < j < i and z G f]j , we have 

\aj/z\^^ < \ai/z\^^\ai.i/aif ^ < Ku^+'^'+^/'i-^ < l. (2.9) 

Therefore, \aj/z\ < 1. By the similar argument, it can be shown that \z/aj\ <lifi<j<n— 1 
and z G O^. If 1 < j < i, by Lemma|2.2[l)(2) and (2.8), we have 



\aj/z\^^ < \ai/zf\aj/aif < K e^^''^^^^ < . (2.10) 
Similarly, if i < j < n — 1, we have 

\z/ajf^ < \z/ai\^\ai/ajf < Ke^^^-'^'"^ < R-^ . (2.11) 

By definition, we have 

+ {-^Tdi + {-iT-'di = 0. (2.12) 

i<j<i 
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From KE\i, plol), pTTl) and we have 



\Gi{z) 



Si 



l<j<j ^ Ji ' i<j<n—l 

D 



-ir-^-'D,{z/aj) 
1 - (z/a,)^. 



Di 



+ (-irdi + (-ir-x 



< 2iC 



l<j<j ^ J' ' i<j<n-l ^ ' J' 



< 



n—l 



£5/2 



fc=l 



since e^/^ < ^"^^ This means that if z G ilj, we have 



(2.13) 



by ([2^ and Lemma (2^1). 

From (2.6) and by Rouche's Theorem, there exists a solution Wij of (2.3) such that W jj G 
for every 1 < j < Di. In particular, \wij — Wij\ < e\ai\ by the second statement of Lemma 2.1 '2). 
Note that for l<i<n — 2, we have 

ki+il - \ai\ - 2e\ai\ - 2e\ai+i\ > |ai+i|(l - 2e - (1 + 2e)K-^) > 0. (2.14) 

By Lemma Ql) and = ^ifkfd^i < {K/2y/^, we have, 



el a,- 1 ~ K TT 2K 



(2.15) 

□ 



This means that ifiui = Wi^^j^ if and only if (ii,ii) = {12, 32)- The proof is completed. 

For 1 < i < n — 1, let CPi := {wij : 1 < j < -Dj} be the collection of Di free critical points of 
/ which lies closely to the circle T^.i^^i and denote CVi = f{CPi). 

Lemma 2.4. For every 1 < i < n — 1, there exists an annular neighborhood Ai containing 
CPi U Tr^iail U T|a^|, such that 

(1) If p = 1, then f{Ai) C Ds for odd n — i and f{Ai) C C \ Dk for even n — i. In particular, 
the set of critical values of f satisfies Ur=i C'Vi C Ds U C \ Dx- The disks and C \ Dk in 
the Fatou set of f and f^^i^s^x) C Ag^K- 

(2) If p = 0, then f{Ai) C Os for even n — i and f{Ai) C C \ Dm for odd n — i, where 
M = (2/s)"'^/'^" . In particular, the set of critical values of f satisfies ySlZi CVi C U C \ Dm- 
The disks D^ and C \ Dm lie in the Fatou set of f and f^^{As^M) C A^^m- 



Proof Let e = uk < K ^ he the number appeared in Lemma 2.3 For every 1 < i < n — 1, 
define the annulus 

Ai = {z: (min{ri, 1} - 2e)|ai| < \z\ < (max{ri, 1} + 2e)|ai|} (2.16) 
where = di/di^i. Obviously, Ai D CPi U Tj-.i^.i U T^\ai\- By the definition, we have 

(2/i^)^ < min{ri, 1} < max{ri, 1} < (K/2)^. (2.17) 

If 2: G Aj, we have 

1 . {K/2)T^^ 



\ai/z\ < 



< 



{2/K)^.-2e~^-'^K-\K/2Y/ 



^<(K/2)^ (1 + 4/^19/5). 



and 



\z/ai\ < {K/2)^^ +2e< {K/2)''^ +2/K^< (K/2) (1 + l/K^). 



(2.18) 



(2.19) 
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This means that 

\ai/z\^ < (K/2)^(l + A/K^^/^ f < {K/2) e^^/^^""^ < {K/2) e^o/s''^' < 7K/10. (2.20) 
and also, 

\z/aif < {K/2)^^{l + l/K^f < {K/2)e^^^' < {K/2)e^/^^ < 7K/10. (2.21) 

Moreover, similar to the argument of (2.20) and (2.21), we have 

\ai/z\'^' + Iz/oil'^'+i < 7K/5. (2.22) 

Recall that |ai/ai+i|'^'+^ = u for every 1 < i < n — 2 and lan-il"^" = v. Let l<ii<i2<n — 1 
and p £ {0, 1}, we have 

\^.\(-^r-'-''Di _ I, , 
•"■ji I 



j=«i 



i2 + l 



l«l| 
l«l| 



ifii = land 



12 — 1 

n 

i=«i 




(- 










(-1) 


n. — i]^ —p 


-{- 




u 




2 




12 = 


n — 1 


is 


even 


12 = 


n — 1 


is 


odd. 



(2.23) 



By (1.2) and the second equation of (2.23), we have 



i—l n—l 
j=l j=i+l 



■Qiiz) 



1 - {z/a,)^^\(-'r-^ \z/a,\(-'r-^^'<i. \a^_^\i-iV 

lia^/zY' -{z/a,f^+^\^-''>"'''' -Q.iz) 



"^"u 2 -Qiiz) 



' u 2 



< Tj^^-*-) n 2 (|aj/z|°'' + |2;/aj|'^*+i) (5j(2;) if n — z — p is even 

> u ^2^ {\ai/z\'^^ + l^/ail'^^+i)"-'- Qi{z) if n - i - p is odd. 



where 



Q^{z) = ll\l-{a,/z) 



n-1 



n ,(-l)"-i-P 



For 1 < i < n — 1, consider z G ^j. If 1 < j < i, by (2.20), we have 



\aj/zf^ < \ai/zf\aj/aif < 7K e^^^-^^l'^ jl^ < R-^ . 



If z < J < 71 — 1, then 



zlaj\^i < \z/ai\^\ai/aj\^ < 7K e^^'-^'^/^lO < K'^ 
+ 2x if < 

Q,{z) <J\{l + 7Ke 



(2.24) 
(2.25) 

(2.26) 
(2.27) 



by ( [2^ . Since < 1 + 2x if < x < 1 and e < K""^, by ( [235| )-( [2^ , we have 

/l4Ke5/2/5\ 



k=l 



< exp 



I l-e5/2 



<1 + K"^<1.01. (2.2^ 



and 



Qi{z) > n + IKe^^/'^/h) > 1/1.01 > 0.99 



k=l 



For p = 1, by Lemma |2.2[2) (3a), for every 1 < i < n — 1, if |z| < s, we have 



5 5(i-l) 



(2.29) 



(2.30) 
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If we notice Lemma 2.2 1), then 



n-l 



{sK--^/2)k K 



< 



i=l 



1 — UK 



1 - 



< 1/200. 



For p = 0, by Lemma |2.2[ 2) (4b), for every 1 < i < n — 1, if jz] < s, we have 

_5_ 5(i-l) 



By Lemma |2.2[1), then 



E 1^ Vafi < \ ' L < < 1/200. 

i=l I -UK i A 



(2.31) 



(2.32) 



(2.33) 



Since (1 + 2\a\)-^ < |1 + a|=^^ < 1 + 2\a\ if < |a| < 1/2, by p^Ij) and ([233]), we know that 



n-l 



n i-.^v«f 



i=l 



(-1)"- 



n-1 



< J] (l + 2|z/ai|^0 <e'/'°°<i^. 



Therefore, 



n-l 



(-1)"- 



n-l 



(2.34) 



(2.35) 



i=l 



(1) We first consider the case p = l. If n - z is odd, by ( |2.22[ ), ( |2.24[ ) and ( |2.28[ ), if z e we 
have 

|/(z)| < u • i7K/5) ■ 1.01 < 2Kv < s. (2.36) 



If n - i is even, by ( |2.22[ ), ( |2.24[ ) and ( |2.29| ), for z e we have 

|/(z)| > (v/u) • (7K/5)-^ • 0.99 > v/{2Ku) > K. (2.37) 
If n is odd, by Lemma [2.2[ 3a), (2.23) and ( |2.34 ), for every z such that \z\ < s, we have 



n-l 

\m\ = \zrYl 

i=l 



n-l 

n 

i=l 



1 



< \s/ai\'^Hu'^ ■ 1.02 < s. 



It follows that /(Ds) C for odd n. If n is even and \z\ < s, by Lemma 2.2 '3b), (2.23) and 



(2.35 ), we have 



n-l 



\f{z)\ = \a,/z\'^Hl[ 



i=l 



1 



"d7 



> \ai/sf^v/im > K. 



Therefore /(D^) C C \ D/^ for even n. 

Note that / is very "close" to z i— )■ z'^" in the outside of D^- since |ai|^* is extremely small 
when it compares with those z such \z\ > K, where I < i < n — 1. More specifically, by the 
completely similar arguments as (2.34)-(2.35 ), if \z\ > K, then 



n-l 



i=l 



|/(.)|>N^"n i + 2t3W >K- 



(2.38) 



This means that /(C \ Bk) C C \ Bk- Then we have /~^(A^,/^) C As,k for every n > 2 (See 
Figure [T]) . 

(2) Now we consider the case p = 0. If n — i is even, by ( |2.22| ), (2.24), (2.28) and Lemma 



2.2 4a), \i z & Ai we have 



\f{z)\ < v-'^u ■ (7K/5) • 1.01 < 2Ku/v < s. 



(2.39) 
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If n - 2 is odd, by ( [2l22| ), ([239]) and Lemma [2^4a) , for z eAwe have 

|/(z)| > y-^ • {7K/5y^ ■ 0.99 > l/{2Kv) > M, (2.40) 

where M = (2/s)i/'^". 



If n is even, by Lemma |2.2[4b), (2.23) and (2.34), for each z such that \z\ < s, we have 



n-l 



\f{z)\ = \z\'^ n 



n-l 

n 



1 



< s. 



It follows that /(Ds) C for even n. If n is odd and \z\ < s, by Lemma 2.2 ^4c), (2.23) and 

(_l)n-i 



(2.35 ), we have 

\f{z)\ = \ai/z\''-uv-^ n 



n-l 



j=l 



1 



Therefore /(D,) C C \ Dm for odd n. 
If Izl > M, then 



1/(^)1 = NI 



n-l 

n 

i=l 



(-1)"-' 



s*'-''"ri(i+^) 



< 2M" 



This means that /(C \ Dm) C D^. Then we have / "^{Kg^j^i) C A^^m for every n > 2. 



(2.41) 
□ 



< s 




Figure 1. Sketch illustrating of the mapping relation of /i,di,... where n is 
odd and even respectively (from left to right). The small pentagons denote the 
critical points and critical values, and the numbers showed at the bottom of the 
Figures denote the approximate coordinates. 

Proof of Theorem We only focus on the case p = 1 since the similar proof can be used to 
the case p = by using Lemma 2.4 2). We also use / to denote fi^di,-,d„ simplicity. Let Ui 
be the component of f~^{D) containing Oj, where = D^ if n — i is odd and D = C \ Hk if 
n — i is even. By Lemma |2.4[ 1), it follows that the set of critical points CPi C Ui and Ui is a 
connected domain containing the annulus Ai. Moreover, Ui n t/j+i = since f{Ui) H /(?7j+i) = 



by Lemma 2.4 1), where 1 < i < n — 2. This means that Ui DUj = $ for different Suppose 
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that Ui has rrii boundary components. Since there are exactly Di critical points in Ui and 
/ : C/j — 7- D is a branched covering with degree Di, then the Riemann-Hurwitz formula tells us 
XUi = 2 — rrii = DiXD — Di = 0, where x denotes the Euler characteristic. This means that 
rrii = 2 and therefore Ui is an annulus surrounding the origin for every 1 < i < n — 1. 

For 1 < i < n — 2, Let V^+i be the annulus domain between Ui and C/j+i. It is easy to see 
/ : Vi+i — )• Kg^K is a covering map with degree dj+i. Note that every component of f~^{As^K) is 
an annulus since Ag^x is double connected and contains no critical values. It follows that there 
exist two annuli Vi and Vn, which lie between and Ui, Un-i and c« respectively, such that 
f ■ Vi,Vn ^ As^K are covering maps with degree di and dn respectively. In fact, the restriction 
of / on dUi and dUn-i has degree di and dn respectively and there are no critical points in Vi 
and Vn (See Figure [T]). 

The Julia set of / is J = P|^>q /^'^'(A^^a'). By the construction, the components of J are 
compact sets nested between and oo since each inverse branch : As^k — ^ Vj is conformal 
for every < j < n. Since the component of J can not be a point and / is hyperbolic, every 
component of J is a Jordan curve (actually quasicircle) by Theorem 1.2 in |PTj . The dynamics 
on the set of Julia components of / is isomorphic to the one-sided shift on 71 symbols X]^ i — 
{0, 1, • • • ,n — 1}^. In particular, J is homeomorphic to S„ x S^, which is a Cantor set of circles 
as desired (See Figure [2] for example). This completes the proof of Theorem □ 




Figure 2. The Julia set of 71,5,5,5,5, which is clearly a Cantor set of 
circles, where the parameter s is chosen small enough. 

Remark: Since / is hyperbolic, the Julia set of / is also a Cantor set of circles if we disturb 
some Oj gently, where 1 < i < n — 1. In the first version of our manuscript of this paper, only 
di = n + 1 for every 1 < i < n was considered. In this case, it was shown that for every n > 2 
and 1 < i < n — 1, if \an-i\ = (^^)*~^s* for < s < 1/10, then the Julia set of fi^n+i,- ,n+i is a 
Cantor set of circles. 

Theorem 2.5. Suppose that ai is chosen like in Theorem \l.l\ such that the Julia set of fp^di,— ,d„ 
is a Cantor set of circles for n > 3, then fp,di,--,d„ ^''^ topologically conjugate to any McMullen 
maps on their corresponding Julia sets. 

Proof. Since the dynamics on the set of Julia components of fp^di,— ,dn conjugated to the one- 
sided shift on n symbols S„ := {0, 1, • • • ,n — 1}^ and in particular, the set of Julia components 
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of is isomorphic to the one-sided shift on only 2 symbols S2 := {0, 1}^. This means that 
fp,di,- ,dri '^^^ be topologically conjugate to 5^ on their corresponding Julia sets if n > 3. □ 

3. Topological conjugacy between the Cantor circles Julia sets 
In this section, we show that for any given rational map whose Julia set is a Cantor set of 



circles, then there exists a map fp,di,- ,dn (1-2) such these two rational maps are topological 
conjugate on their corresponding Julia sets. 

Lemma 3.1. /// is a rational map whose Julia set is a Cantor set of circles. Then there exists 
no critical points on J{f). 

Proof. Suppose there exists a Julia component Jo of / containing a critical point cq of / with 
multiplicity d. Then / is not one to one in any small neighborhood of cq. It is known /(Jo) is a 
Julia component containing /(cq) [Be, Lemma 5.7.2]. Choose a small topological disk neighbor- 
hood U of /(cq) such that U R /(Jq) is a simple curve. The component of f~^{U) containing cq 
is mapped onto U in the manner of d -|- 1 to one. Note that the component J' of f~^{U n /(Jo)) 
containing cq is connected and contained in Jq. However, J' possesses star-like structure and 
hence is not a simple curve. This contradicts to the assumption that Jq is a Jordan closed curve 
since J(/) is a Cantor set of circles. □ 

We say that a compact set ^ C C separates and 00 if and 00 lie in the two different 
components of C \ ^ respectively. Let A and B be two disjoint compact sets both separates 
and 00 respectively. We say A B if A is contained in the component of C \ which contains 
0. Let A be an annulus separating and 00, we use d-A and d-^A to denote the two components 
of the boundary of A such that d^A -< d-^-A. 

Theorem 3.2. Let f be a rational map whose Julia set is a Cantor set of circles. Then there 
exist p G {0,1}, positive integers n > 2 and di,--- ,dn satisfying X^iLi i" suc/i that / is 
topologically conjugate to fp^di,-,d„ on their corresponding Julia sets. 

Proof. Let J(/) be the Julia set of / which is a Cantor set of circles, then every periodic Fatou 
component of / must be attracting or parabolic by Lemma |3.1[ We only prove the attracting 
(hyperbolic) case in detail and explain the parabolic case by using the work of Cui |Cui| . 

In the following, we suppose that / is hyperbolic. There exist exactly two simply connected 
Fatou components of / and all other Fatou components are annuli. Let T> and A be the collection 
of simply and doubly connected Fatou components of / respectively. We claim that f{T>) C T> 
and there exists an integer k > 1 such that f°^{A) G P for every A ^ A. The assertion fiV) C V 
is obvious since the image of a simply connected Fatou component under a rational map is again 
simply connected. If f{Ai) = A2, where Ai,A2 £ A, then there exists no critical points in Ai by 
Riemann-Hurwitz's formula. This means that each A £ A can not be periodic since the cycle of 
every periodic attracting Fatou component must contain at least one critical point. On the other 
hand, by Sullivan's theorem, the Fatou components of a rational map can not be wandering. This 
completes the proof of claim. 

Up to a Mobius transformation, we can assume that and 00, respectively, are belong to 
the two simply connected Fatou components of /, which are denoted by Dq and Doc. Namely, 
V = {Do,Doo}. Since /(2?) C V, without loss of generality, we suppose that /(-Dq) = Dq and 
f{Doo) = Doo. Let f-HDo) = Dq U Ai U ■ ■ ■ U Am, where Ai,-- - ,A m are m annuli separating 
and 00 such that At -< ^j+i for every 1 < i < m — 1. It is easy to see m > 1. Otherwise, 
Dq is completely invariant, then J(/) = ODq which contradicts to the assumption that J(/) is a 
Cantor set of circles. 

Suppose that deg(/|z)(, : Dq Dq) = di and deg(/|a_Ai : d-Ai ODq) = d2i and deg(/|9^A, : 
d+Ai dDo) = d2i+i for 1 < i < m. It follows that deg(/) = Ej=i'^^c^j- Let Wi be the 
annular domain between Dq and Ai and Wi be the annular domain between Ai-i and Ai, where 
2 <i <m. We have f{Wi) = C\Dq and deg(/|iy, : Wi ^C\Dq) = d2i-i + d2i. This means 
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that there exists at least one Fatou component Bi C Wi such that f{Bi) = D^o- If there exists 
B[ / Bi such that B[ C Wi and f{B[) = Doo, there must exist one component of /"^(Z^o) in Wi, 
which contradicts to the assumption AiD ■ ■ ■ D Am is the coUection of all annular components 
of /^^{Dq). So there exists exactly one Fatou component Bi C Wi such that f{Bi) = Doo 
and deg(/|B- : Bi — Dqo) = c^2i-i + d2i- Similar argument can be used to show that Z^oo is 
the only component of f~^{Doo) lying in the unbounded component of C \ Am which can be 
mapped onto Doo- Therefore, /'^(-Doo) = i?i U • • • U Bm U D^o and deg(/|£)^) = d2m+i since 
deg(/) = Yl'j=i^ dj. Denote C \ {Dq UDoo) by E. The preimage f~^{E) consists of 2m + 1 
annuli components Ei, - ■ ■ , £'2m+i such that Ei -< i^i+i for 1 < i < 2m. The map f : Ei ^ E is 
a unramified covering map with degree di, where 1 < i < 2m + 1 (See Figure pi). 




Figure 3. Sketch illustrating of the mapping relation of /, where di, 1 < i < 
2m + 1 denote the degrees of the restriction of / on the boundaries of Fatou 
components. 

Let n = 2m + 1 and p = 1. The assertion Y27=i ^/di < 1 follows from Grotzsch's modulus 
inequality since each Ei is essentially contained in E and mod(£'j) = mod{E)/di. In the following, 
we will construct a quasiconformal map : C — t- C which conjugates the dynamics on the Julia 
set of / to that of 

For simplicity, we denote fi,di,- ,d„ by F. Note that F{0) = and F(oo) = oo. There exist two 
simply connected Fatou components D'q and_DL, both are invariant under F such that G D'q 



and oo € D'^. From the proof of Theorem 1.1 , we know that F ^{D'q) = D'q U vl'^^ U • • • U vl^ 



where A'^, - ■ ■ , A'm are m annuli separating and oo such that A'^ -< A'-^-^ for every 1 < i < m — 1. 
Moreover, deg(F|£,/^ : D'q D'q) = di and deg(F|g_^/ : d-A'- QD'q) = d2i and deg(F|g^^/ : 
^-^-A'■ — )• OD'q) = d2i+i for 1 < i < m. Let W{ be the annular domain between D'q and A'^ and Wl 
be the annular domain between A'-_^ and A'-, where 2 < i < m. There exists exactly one Fatou 
component B'^ C W^ such that F(S^) = D'^ and deg(F|B/ : B'^ D'^) = d2i-i + d2i. We have 
F~\D'^) = B'^U---UB'mUD'^and deg{F\D'J = dsm+l- Similarly, let ^' := C \ {D'q U D'^). 
There exist 2m + 1 annuli components E'^, - ■ ■ ,-E2m+i °f F^^{E') such that E'^ ~< E'^j^^ for 1 < 
i < 2m. The map -F :£"•—)• -E' is a covering with degree di, where 1 < i < 2m + 1. 

By a quasiconformal surgery, it can be seen that ODq, dD^o-, QD'q, dD'^ and their preimages are 
all quasicircles and the dilatation is bounded by a fixed constant. There exists a quasiconformal 
mapping (pQ : C ^ C such that 4)q{Dq) = D'q and (j)o{Doo) = D'^ hence cj}o{dDQ) = OD'q and 
(poidDoo) = dD'^. Moreover, cpQ can be chosen such that (pQ o f = F o (pQ on ODq U dD^o- 

Now we construct a lift (pE^ : Ei ^ E'^ of (po : E ^ E' as follows. For every z £ Ei \ d-^Ei, 
we choose a simple curve 7 : [0, 1] — )• such that 7(1) = f{z) and 7(0) = w £ d-E. Since 
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f : El ^ E is a covering map, there exists a unique lift 7 : [0, 1] — E'l of 7 such that 7(1) = z 
and w := 7(0) G d-Ei. Similarly, since F : E[ ^ E' is a covering map, there exists a unique 
lift a : [0,1] E[ of (po{-f) : [0,1] E' such that a(0) = Mw) since cpo o f = F o cPq on 
ODq = d-Ei. Define (pEi{z) := a(l). We know that 4>oo f = FocpE-^ on Ei and (pEi : Ei ^ E[ is 
quasiconformal since /, F are both holomorphic covering maps with degree di and (pQ : E ^ E' 
is quasiconformal. Now some parts of (/>i : C — )• C are defined as follows: (piljjg = ^'ol^jgi 
•/•iId ~ 'Po\d 'PiIei = <pEi- Then, cpi o f = F o cpi on dEi. Similarly, there exists a unique 

quasiconformal mapping (l)E2m+i '■ E2m+i ^2m,+i-> which is the lift oi 4>q : E ^ E' such that 
4>o° f = Fo <i)E2m+i on E2m+i- Define ^iba^+i = (t^Eim+i- Then, 0i o / = F o 0i on 9£^2m+i- 

Unlike the cases of Ei and E2m+i, the lift (j)Ei : Ei ^ E[ oi (pQ : E ^ E' is exist but not unique 
for 2 < i < 2m. We first show the existence of <j)Ei- Without loss of generality, suppose that i is 
even. Since f : d-Ei ^ dD^o and F : d-E[ — )• dD'^ are both covering mappings with degree dj, 
there exists a lift (not unique) : d-Ei ^ d-E'- of (po : dD^o dD'^ such that (pQO f = FocpEi 
on d-Ei. By using the same method of defining <j)En there exists a unique lift of (po : E ^ E' 
defined from Ei to E'-, which we denote also by 0^;. such that (f>o o f = F o (j)^. on Ei. Note that 
(pE, : Ei ^ E[ is quasiconformal. Define 4)i\Ei = Then, (j)o o f = F o cpi on IJ?=l^^ ^i and 



Ho/ = Fo,^ion U^^^+'dEi. 



In order to unify the notations, let D2i-i := Bi and Z)2i := Ai for 1 < i < m. Then we 
have Di -< Dj for 1 < i < j < 2m. We need to define cpi on |Ji=i -^i- For every Dj, where 
1 < i < 2m, its two boundary components d+Ei and d-Ei+i are both quasicircles. Since and 
(pE^+i are both quasiconformal mappings, the map (pi\d+EiUd-Ei+i has a quasiconformal extension 
(pD- : Di — )• d[ such that 4>Di{Di) = D[. Now we obtain a quasiconformal mapping </)i : C — )• C 
defined as ^ije^ := = pDj and (/)i|doUDoo = 4>a, where 1 < i < 2m + 1 and 1 < j < 2m. 

Next, we define (/)2. First, let (/>2|dj = for j G {0, 1, • • • , 2m, 00}. Then we hft (pi : E ^ E' 
in appropriate ways to obtain (p2 '■ Ei ^ E^ for I < i < 2m + 1. Finally, we check the continuity 
of the resulting map (p2 '■ C ^ C Now let us make it precisely. In order to make sure the 
continuity of (p2 on DqUEi, we need to have 4'2\d-Ei = Pi- Then there exists only one way to lift 
pi : E ^ E' to obtain p2 : Ei ^ E[. Note that p2\Di = pi, we need to check the continuity of p2 
at the boundary d+Ei. In fact, Po\e and Pi\e are homotopic to each other and pi\dE = Po\dEi 
it follows that p2\d+Ei = Pi\d+Ei since p2\d^Ei = fpild-Ei- This means that p2 is continuous on 
d-^-Ei. Similarly, we can lift pi : E ^ E' to obtain p2 ■ Ei ^ E'- for 2 < i < 2m + 1 and guarantee 
the continuity of p2. Above all, the map p2 ■ C ^ C satisfies (1) p2 is quasiconformal and the 
dilatation K{p2) = K{pi); (2) p2\f-^DoUD^) = {3) pi o f = F o p2 on \jf!!^i^^ Ei and hence 
P2of = FoP2on r\dDo U dD^). 

Suppose we have obtained p^ for some k > 1, then pk+i can be defined completely similarly 
as the process of the derivation of p2 from pi . Inductively, we can obtain a sequence of quasicon- 
formal mappings {pk}k>o such that (1) K{pk) = K{pi) > K{po) for k > 1; (2) p)k+iiz) = pk{z) 
for z G f-^{Do U Doo); (3) 0fc o / = F o 0fc on /"^(^Dq U dD^). This means that {Pk}k>o 
forms a normal family. Take a convergent subsequence of {pk}k>o whose limit we denote by 0oo) 
then poo is a quasiconformal mapping satisfying p^o ° f = E o p^ on IJa;>o /"'^(^-^o U dD^o). 
Moreover, K{p^) < K{pi). Since poo is continuous, poo ° f = F o poo holds on the closure of 
(J^>g /~'^(5Z)o U dDoo), which is the Julia set of /. Therefore p = poo is the quasiconformal 
mapping we want to find which conjugates / to -F on their corresponding Julia sets. This ends 
the proof of case /(-Do) = Dq and f{Doo) = Doo- 

The other three cases: (1) /(Dq) = ^00, f{Doo) = Doo] (2) /(Z^o) = ^00, f{Doo) = Dq; and 
(3) /(-Do) = -Dq, /(-Doo) = -Do can be proved completely similarly. 

If one or both of the components -Do and Doo are parabolic, there exists a perturbation /^ of / 
such that /g is hyperbolic and the dynamics of fs is topologically conjugate to that of / on their 
corresponding Julia sets jCuij . Then / has a "model" in (1.2) since fs always does. This ends 



the proof of Theorem 3.2 and hence Theorem 1.2 □ 
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From the proof of Theorem 3.2 in the hyperboHc case, we have foUowing immediate corohary. 



Corollary 3.3. If the parameters ai are chosen like in Theorem \l.l\ where 1 < i < n — 1, then 
each Julia component of fp ,i^^... ^ quasicircle. 

4. QUASISYMMETRIC GEOMETRY OF THE CANTOR CIRCLES 

Recall that the conformal dimension confdim(X) of a metric space X is the infimum of the 
Hausdorff dimensions of all metric spaces which are quasisymmetrically equivalent to X. 

Proof of Theorem \1.3[ From the proof of Theorem we know that the combinatorics of 
fp,di,-,dn is determined by data V := (di, • • • ,dn) G N" in the sense of Hai'ssinsky and Pilgrim 
|HP1 §2]. By Propositions 1.1 and 2.2 in |HP] . the conformal dimension of the Julia set of 
/p,di,-,d„ is con(diin{Jp^di,-,dJ = 1 + ap,di,- where ap,di,- ,d„ is the unique positive root of 
X]"=i ^' ^' ' " = 1. In particular, if = n + 1 for every I < i < n, then q„ := Up^di,- ,d„ = 
log(n)/log(n + 1). This means that m / n is equivalent to am / On- 

Lemma 4.1. If n>3, then x = log(n)/log(n + 1) is not the solution of 
where k,l >2 are two integers such that \/k + \/l < 1. 

Proof Without loss of generality, we suppose that 2 < k < I, then 1/k^ > l/l^, where x = 
log(n)/log(n + 1). If n > 3, then 

111 1 

^ + ^ < 1 , + , , = 0.9960381127 • • • < 1 

k^ — 2log3/log4 3log3/log4 

since log(n—l)/ log(n) < log(n)/ log(n+l). This completes the proofs of Lemma 4.1 and Theorem 



Proofs of Corollaries I.4 and 1.5 They are immediate corollaries of Theorem 1.3 if we notice 



that the conformal dimension is an invariant of the quasisymmetric class of a metric space. □ 

5. Non-hyperbolic rational maps whose Julia sets are Cantor circles 
The rational maps 

— (^(^1 + z)" — 1) + ^"^+"2:™'"'""' 

where A G C* = C \ {0} and m, n > 2 are both positive integers satisfying 1/m + 1/n < 1 can be 
seen as a perturbation of the parabolic polynomial 

P(-) = ^ii^. (5.2) 

n 

Note that P has a parabolic fixed point at the origin with multiplier 1 and critical point —1 with 
multiply n — 1. This means that there exists only one bounded and hence simply connected Fatou 
component of P in which all points are attracted to the origin. In particular, the Julia set of P 
is a Jordan curve with infinite cusps. 

We hope that some properties of P stated above can be also hold for P\ when A is small. 
But obviously, there are lots of differences between P\ and P. The degree of Px is m + n and 
Px{oo) = — 1. There are 2(m + n) — 2 critical points of P^^ m — 1 at 00, n — 1 are very close 
to —1 and the rest m + n critical points lie nearby the circle Tj,p/|;^|, where tq = "^^^Jnjm (See 



Lemma 5.3). In fact, we will see that P\ can be viewed as a "parabolic" McMuUen map at the 
end of this section since Pa is conjugate to some 5^ on their corresponding Julia sets. 

Firstly, we show that the fixed parabolic Fatou component of P contains the Euclidean disk 
D(— |, |) for every n >2 and Pa maps ID)(— |, |) into itself if A is small enough. 
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Lemma 5.1. (1) For every n>2, P(ID)(-f , |)) C ID)(-f , f ) U {0}. 



(2) IfO< |A| < l/(3n), then Px 
the parabolic Fatou component of Px with parabolic fixed point 0. 



f , f )) C f ) U {0}. In particular, D(-f , |) lies in 



Proof. If z e ]D>{—^, |), then \P{z) + l/n| = |1 + z\'^/n < 1/n. In particular, the inequality sign 
can be replaced by equality if and only if z = 0. This ends the proof of (1). 

The proof of (2) will be divided into two cases: \z\ is small and not too small. For every 
z = -| + |e^^ G 5D(-|, I), where -vr < ^ < vr, we have \l+P{z)\ < 5/2 by (1) and |Az|™+" < 1/2 
since |A| < l/(3n). This means that 



\Pxiz)-Piz) 



A"+"z'^+"(l + P(z)) 



< 5\Xz 



m+n 



Since \z\ 



J9\ 



3|g-i6»/2 _ gj6l/2| 



llsinfl < l\e\ and |A| < l/(3n), we have 



\Px{z)-P{z)\<5m/{An)r+'^. 
On the other hand, since | sin^j > ^\6\ if \9\ < |, we have 



(5.3) 



(5.4) 



|P(z)+3/4| 



'1 _i_ 3 id\n 
^4 "I" 4^^ ) 



n 



< 



I 1 _i_ 3„i9| 
I 4 4^^ I 



n 



1 3 

- + 4 



(1 



T sm 



2 e-jn/2 



n 



1 , 3^ (l-fg)"/^ 
4 ~ n 



(5.5) 



+ 



If 1 6*1 < 27r/n, then |^ < ^. By Lemma |2.l|^3), we have 

|P(z) + 3/4|<-^ + - 



3 
4 



87r2- 



Therefore, combine (5.4) and (5.6), it follows that if \9\ < 27r/n, then 

4 



\Px{z) + 3/4| < \P{z) + 3/4| + \Px{z) - P{z)\ <^--^ + 5 (^)-+" 



If 27r/n < 1^1 < vr, from ( |5.5[ ) and ( |5.6[ ), we know that 

|P(^) + 3/4|<?- 



1 

2^' 



(5.6) 



< 3/4. (5.7) 



(5.8) 



From ( |5.4[ ) and ( |5.8[ ), it follows that if 27r/n < 16*1 < vr, then 

3 



|Pa(^) + 3/4|< 



J^ + 5(5-"<3/4. 



Whatever, we have shown that \Px{z) + f \ < | for every z G 9D(— |, |) and \Px{z) + f\ 
and only if z = 0. The proof is completed. 



(5.9) 
= 5 if 

4 

□ 



As the procedure in Section 2, now we locate the free critical points of Px- By a direct 
calculation, the bounded m + 2n — 1 critical points of Px are the solution of 

(1 + z)"-^ 



+ A'"+"z™+"-^{(l + m/n)[(l + z)" + n - 1] - z(l + z)""^} 



0. 



Lemma 5.2. // < |A| < l/(3n), i/ien i/iere are n — 1 critical points of Px in 
Proof If |z + 1| < |A| < ^, then |z| • |1 + z|"-i < (1 + |A|)|A|"-i < 1 and 



(5.10) 

-1,|A|) c 



(1 + m/n) 1(1 + z)" + n - 1| < (1 + m/n)(|A|"- + n - 1) < m + n. 



(5.11) 



RATIONAL MAPS WHOSE JULIA SETS ARE CANTOR CIRCLES 



17 



This means that if |z + 1| < |A|, then 



A 



m+n ^m+n—l 



{(1 + m/n)[{l + z)" + n - 1] - z(l 



\n— 1 



}| 



< lAI"-! • |Azr-^|Ap|z|"(m + n + 1) < lAP'^ • {2nf-'^{Qn^)-^e^''^{m + n + 1) (5T2) 

< lAI"-! -{m + n- l)/(2n)™+i < jAj^-^ 



By Rouche's Theorem and if we notice (5.10), the proof is completed. 



□ 



^ exp(7ri ^^^ ) : 1 < J < m + n} be the collection of the zeros of 



'^\/n/m. Since h{x) = x^/^^x > has maximal value 



Let CP := {wj 

^yn+n^m+n _|_ _ where ro 

e^/*^ < 3/2 at a; = e, we have 

2/3 < 1/ < ro < < 3/2. (5.13) 
The following lemma shows that the rest m + n critical points of Pa are very "close" to CP. 



Lemma 5.3. If < |A| < l/(2"^n ), then (5.10) has a solution wj such that \wj 
2{m + n)/m, where 1 < j < m + n. Moreover, Wi = wj if and only if i = j. 

Proof. Dividing (1 + z)"^^ on both sides of (5.10), we have 

n — 1 



1 + A 



Or, in more useful form 



n 



m m + n , 

n n \ (l + z^"-i 



mA'^+" 



+ z 



m+n 



+ 



[m + n)z 



m 



m+n—l 



1 + 



n — 1 



'1 + z 



[71—1 



0. 



0. 



(5.14) 



(5.15) 



Let n = {z: 12"^+" + ^A-("+")| < {3\X\ ■ ^|A|-('"+")}, where /3 = < U z £ n, 



m+n ^m+' 



+ ml < ■ m N - < P'^O for some 1 < j < 2n by Lemma 2.1 ^2). If 



then I A 

z e O and < |A| <"i/(2™n2), we have 
n — 1 n — 1 



|l + z|"-i ^ ((|A|-i-/3)ro-l)"-i ^ (2™+in2/3 



n 



2n/m 



in— 1 



< 



15 



and 



1 1\ 1 , ^ 1 + /3|A| 5 

I — I — < -, therefore —, ^, . < -. 

2'^n2-mro 2-^n \m n) 4' 2(1 - /3|A|) 6 

m^2\ 



(5.16) 
(5.17) 



Therefore, if z G 1^ and < |A| < l/(2™n^), from (5.16) and (5.17), we have 



(m + n)z™+"-i 



m 



1 + 



n 



1 



;i + z) 



n— 1 



m + n 



m+n 



m\\\ 



^m+n ^m+n 



1 + 



n 



a + z) 



n-l 



< 



m + n (/3|A| + l)n/m 16 n/3|A| 1 + /3|A| 



16 



< 



n/3|A| 



(5.18) 



m|A|'^+" ro(l/|A|-/3) 15 m|A|™+" 2(1 - /3|A|) 15 m|A|'"+"' 

Apply Rouche's Theorem to ( |5.15 ) and then use Lemma [2.1[ 2), the proof of the first assertion is 
completed. By means of the same argument as (2.15), if < |A| < l/(2™'n2), we have 

2™+im 

(5.19) 



(ro/|A|) • sin(7r/ (m + n)) 



> 



mro 



> 



> 1. 



□ 



2(m + n)/m (m + n)2|A| 3(m/n + l)2 

This means that Wi = Wj if and only if i = j. The proof is completed. 

Let CP := {wj : 1 < J < m + n} be the m + n critical points of P\ lying near the circle Tj,g/|A| 
and CV := {Px{wj) : 1 < j < m + n}. Let CP-i be the collection of n — 1 critical points of Pa 
near —1 (See Lemma 5.2) and CV-i = {Px{z) : z G CP-i}. 

Let Tq be the Fatou com pone nt of Pa containing the attracting petal at the origin and U :- 

[2) and 



■|, |). By Lemmas 



5.1 



5.2 



we know that CP-iUCV^i CU cTq. Since Pa(oo) = -1, 

it follows that there exists a neighborhood of oo such that Pa maps it to a neighborhood of — 1. 
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Let Too be the Fatou component such that oo G Too and Uq, Uoo be the component of ^(U) 
such that £ Uq and oo G C/qo- Obviously, we have U C Uq C Tq and Uoo C Too- 



Lemma 5.4. IfO < |A| < 1/(2 



lOm^S 



), there exists an annular neighborhood Ai of CP containing 



Tx/|A| U CP such that P\{Ai) C U'oo C Uoo, where U'o^ is a neighborhood of oo. 

Proof. It is known from Lemma 
all the finite poles of Px lie on t 



5.3 that CP is "almost" lying uniformly on the circle Trrg/|;(,| 
Define annulus 



and 



le circle "^i/ixi ■ 
Ai={z:l/(2|A|)<|z|<2/|A|}. 



Note that 



and 



ro 2(m + n) 3 
\\\ ^ m ^ 2\X\ 



2n 

+ 2 + — < 
m 



2{m + n) 



> 



2n 



> 



2 

1 



m 



We have ^i/\x\ U CP C Ai by Lemma 



5.3 



I^a(^) + i| > 



n(|Az|™+" + 1) 



> 



2|A| 



3|A| m 2|A| 

U z e Ai and |A| < ^ioi„3 , then 
- 



(1 



2l0m^3 ; 

2|Air 



In fact, 



(1 



2|Air ^ (1 



n(2™+" + 1) 

2 \n 



2"n| 



> 



1+- 



+ 1. 



2ro 



2m+n _|_ 2^ 



2m.+n _|_ ]_ 



> 



0.9 



> 



1 



+ 2"n|Ar. 



This means that (5.23) follows by 



This is true because |A| < 

I^a(^)| > 



Now we have proved that if z G Ai and |A| < 



1 



2l0m„3 ) 



(5.20) 
(5.21) 

(5.22) 

(5.23) 

(5.24) 

(5.25) 
then 



|;^|l + n/77i • 

On the other hand, if Ul > 



\X\^ + n/r 



-, then 



I / ' I — Az K"^" 1 — 2™ 



-l\n 



+ z 



-n ^ 
— < -. 



(5.26) 



This means that Px{z) G ID'(— 1, 5) C U . Let C/^ be the component of P)^ ^(D(— 1, \)) containing 



{z : \z\ > 



|A|i+"/' 



;}, it follows that -Pa(-4i) C U'oo C Uoo (See Figure 



4). 



□ 



Proof of Theorem 1.6 For every A such that < |A| < 1/(2 



lOrrtj^S 



Let A := C\(f/UC/^). Since 



D(— 1, 2) is proper with degree m, it follows that [/^ is simply connected and A is an 



annulus. Note that ^(U'oo) is an annulus since there are m + n critical points in ^{U'oo) and 
on which the degree of Pa is m + n. This means that P^^{A) consists of two disjoint annuli Ii 
and I2 and hU I2 C A. The degree of the restriction of Pa on Ii and I2 are m and n respectively. 

The following argument is very similar to that of Theorem |1.1[ The Julia set of Pa is Jx = 
Clkyo-^x^i^)- the construction, the components of Jn are compact sets nested between — 1 
and 00 since P^^ : A ^ Ij is conformal for j = 1 or 2. Since the component of Jn can not be a 
point and the proof of Theorem 1.2 in |PTj can be also applied to geometrically finite rational 
maps (See [PT) §9] and jT Yj ) . we know that every component of J„ is a Jordan curve. The 
dynamics of Pa on the set of Julia components is isomorphic to the one-sided shift on 2 symbols 
Ti2 := {0, 1}^. In particular, Jx is homeomorphic to S2 x S^, which is a Cantor set of circles as 
claimed. □ 



Remark: From the proof of Theorem 1.6 and combine Theorem 3.2 we know that the dy- 
namics on the Julia set of Pa is conjugated to that of some gr/ with the form (1.1). Therefore, we 
can view Pa as a "parabolic" McMullen map since the only difference is the sup-attracting basin 
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Figure 4. Sketch illustrating of the mapping relation of Px. The small pentagons 
denote the critical points. 

and its preimages of 5^ have been replaced by a fixed parabolic basin and its preimages of Pa 
(See Figure [5]). 




Figure 5. The Julia set of P\, where m = 3,n = 2 and A is small enough such 
that J\ is a Cantor set of circles. All the Fatou components of P\ are iterated 
onto the fixed parabolic component (the "cauliflower" in the center of this figure) 
with parabolic fixed point 1. 



6. More Non-hyperbolic Examples 



In this section, we will construct more non-hyperbolic rational maps such the Julia sets of them 
are Cantor circles but they are not included by the previous section. Inspired by Theorem 
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for every n > 2, we define 



(r, Jr- 1 ""^ ■ , 

Pniz) = Ar. ^^ lll^,^, n(-"^' - tr^^r'^'-' + i^n, (6.1) 

i=l 

where \bi\ = s* for some < s < l/(25n2) and 

^"-l + (2n + 2)C„iV^ ^ ' ^«-l + (2n + 2)a ^^^^"-^ 1 - " 

(6.2) 

Lemma 6.1. (1) P„(l) = 1 and P;(l) = 1. 

(2) 1 - s2"+V(n + 1) < \ An\ < 1 + s2"+i/(n + 1) and |S„| < s2"+V(3n + 3). 

Proof. It is easy to see -Pn(l) = 1 by a straightforward calculation. Note that 

F (z) - - V (-irH2n + 2)z^"+^ ^ ^(^ + 1)^"^^ .6 3) 

^■"P„(z)-i?„"^ ^2n+2_^,2n+2 + I + ^) + 1 ' ^^'"^^ 

z=l ^ 

This means that 

p/(-\\ v-i?)2"+2 
^wfriV = + ^ 1 : 52.+2 + (2- + 2) + (-1)""'^- + 1) - n 

' (6.4) 

/_-|^y-1^2n+2 

= (2n + 2)^ ^^ - +1:= (2n + 2)C„ + l. 

i=l i 

Therefore, we have 

P;(l) = (1 - Bn){{2n + 2)Cn + 1) = 1. (6.5) 
It follows that 1 is a parabolic fixed point of Pn- This completes the proof of (1). 

For (2), since |1 - b^^'+^\-^ < 1 + 2|6i|2"+2 for 1 < i < n - 1 and < s < l/(25n2) < 1/100, 
then 



(2n + 2)|C„| < (2n + 2)(l + 2|6i|--*-^)^|6.P"+^ < ^ ' Jn^2 ^ < ^^-S) 



We have 

(2n + 2)C„ 



1 + (2n + 2)C„ 



l_s2n+2 4n + 4' 



271+1 

< (2n + 2)|a|(l + (4n + 4)|C,|) < (6.7) 



„2n+l „2n+l 
^ )(l + 5s2"+2) < 1 + ^ 

2n + 2^^ ^ n + 1 



S^"+^ 52n+2 s2n+l 



and 

\An\ < (1 + (4n + 4)|C„|) 17(1 + 2|6,|2"+2) < (l + ;^^)(1 + 5s'^+^) < 1 + (6.8) 
Moreover, we have 

1^.1 > (1 - (2n + 2)|C„|) n(l - \br^') > (1 - ;^)(1 " ^^^) > ^ " (6-9) 

i=l 

The proof is completed. □ 

Let us first explain some ideas behind the construction. For n > 2, define Q{z) = (z^^^ + 
n)/{n + 1) and (p{z) = l/z, then Q{z) := ip o Q o (p~^{z) = (n + l)z"+-^/(nz"'+^ + 1) satisfies: 
oo is a critical point of Q with multiplicity n which is attracted to the parabolic fixed point 1. 
Since {6j}i<j<n-i are very small, the rational map Pn can be viewed as a small perturbation 
of Q. The terms An and Bn here guarantee that 1 is always a parabolic fixed point of Pn (See 
Lemma |6.1 ). It can be shown that Pn maps an annular neighborhood of T|b,| into Tq or Too 



according to whether i is odd or even, where Tq and T^o denote the Fatou components containing 
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and oo respectively (See Lemma 6.5). The Fatou component Too is always parabolic while Tq 



is attracting or iterated to T^o according to whether n is odd or even. The proof of Theorem 1.7 
will based on the mixed arguments as previous 2 sections. 

If l^l < 1, then |Q(-z)| < 1. This means that the fixed parabolic Fatou component of Q contains 
the unit disk for every n > 2. Therefore, the parabolic Fatou component of Q contains the exterior 
of the closed unit disk C \ D. Although the polynomial Q has been disturbed into Pn, we still 
have following 

Lemma 6.2. Pn{C \ D) C (C \ D) U {!}. In particular, the disk C \ D lies in the parabolic Fatou 
component of P„ with parabolic fixed point 1 . 



The proof of Lemma 6.2 is very subtle, which will be delayed to next section. 



Lemma 6.3. For n > 2 and 1 < i < n — 1, then 

2~ 



l5:J<* i<j<n—l 

Proof. The argument is based on several cases showed in Table [T| □ 











(l + (_l)n+l)/2 


odd n 


odd i 





-1 


1 




even i 


-1 





1 


even n 


odd i 













even i 


-1 


1 






Table 1. 



As before, we first locate the critical points of P„,. Note that and oo are both critical points 
of Pn with multiplicity n and the degree of P„ is + n. The rest 2(n^ — 1) critical points of P„ 
are the solutions of Fn{z) = (See (6.3)). 

For 1 < i < n — 1, let CPi := {wij = 6j exp(7ri|^^) : 1 < j < 2n + 2} be the collection of 



2n + 2 points lying on T|f,.| uniformly. The following lemma is similar to Lemmas 2.3 and 5.3 



Lemma 6.4. For every Wij G CPi, where 1 < i < n — 1 and 1 < i < 2n + 2, there exists Wij, 



which is a solution of Fn{z) = 0, such that \wij 
and only if{ii,ji) = (^2,^2)- 

Proof. Note that Fn{z) = is equivalent to 



;j| < . Moreover, 



«2 J2 



^f 



n-l 



2n+2 



+ k 



2n+2 



i=l 



y2n+2 _ 52™+^ 



+ 



l + (-l 



in+1 



nz 



n+l 



nz 



n+l 



+ 1 



0. 



Timing 2;^""*"^ — ft^""*"^ on both sides of (6.11), where 1 < i < n — 1, we have 

^_^y~1^^2n+2 _|_ ^271+2 

where 

l + (_l)n+l 



G^iz) 



E (-1) 



+ (^2n+2_^2n+2)^^(^)^Q^ 
j2n+2 _|_ ^2n+2 



(6.11] 



(6.12) 



z 



2n+2 



'J 

^2n+2 



+ 



nz 



n+l 



i<i<"-i, jV* 

Let a = {Z : |z2"+2 + 62n+2| < g„+l/2|5.|2n+2|^ I < i < n 

< (1 + s"+i/2)|6^|"+i < (1 + sn+i/2)sn+i by Lemma02). So 



"+i + 1' 



nz 



.13) 



1. If z G ilj, then 



nz 



n+l 



nz 



n+l 



+ 1 



< 



n(l + s"+l/2)s"+l ^ (1 + 100-5/2)sn+l/2 
1 - n(l + s"+l/2)5n+l - 1 - (1 + 100-5/2)100-5/2/5 



< 0.3 s 



n+l/2 
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since s < l/{25v?) < 1/100. For every z G rij, if 1 < j < i, we have 

|z/6,f"+2 = |^/5^|2n+2|f,^/^.|2n+2 ^ (-^ ^ ^n+1/2^ ^(2n+2)(i-i) _ 

If i < J < n — 1, by the first statement of Lemma |2.1[2), we have 



|6^./^|2"+2 = |5./^|2n+2|^^./^.|2n+2 < (1 + 2 • S^+^Z^) ^(2n+2)0-i)_ 



(6.14) 
(6.15) 



Prom (6.14), (6.15) and Lemma 6.3, we have 

yU+l 



Gi{z) + 



nz 



i<j<i 



1 + {z/bj)^''+^ 



i<j<n—l 



il + (6,/z)2"+2 ^ i + (-i) 



n+l 



< 3 • (1 + 2 • ^ ^(2n+2)(i-,) ^ ^ 

\ l<j<i i<j<n—l 

< 6-(l + 2-s"+l/2)2 52„+2^ 




(6.16) 



The first inequahty in (6.16) is benefit from the inequality 2x/(l — x) < 3x if x < 1/3 (Here 
X < (1 + 2 • s"+i/2) s2n+2 ^ iQ-iO). So we have 

\Gi{z)\< 6-(l + 2-s"+l/2)2<,2n+2^Q_3^n+l/2 ^Q 4^n+l/2_ ^g -^^^ 

Therefore, if z G fij, then 

|^2n+2 _ ^2n+2| . | ^ (3 + S^+^Z^) | ft, 1 2"+2 . QAs^+^Z^ < S^+^Z^ | | ^^+2 . (6.18) 



Prom (6.12) and by Rouche's Theorem, there exists a solution Wij of Fn{z) = such that Wij G fij 
for every 1 < j < 2n+2. In particular, \wij — uiij\ < s"'''~^/2|5.| i^y second statement of Lemma 

if ^iid only if (ii,ji) = (^2, j2) can be verified similarly as 

□ 



2.1 



2). The assertion u) 



If;,:, 



(2.14) and (2.15). The proof is completed. 

Por 1 < z < n — 1, let CPi := {wij : 1 < j < 2n + 2} be the collection of critical points of Pn 
which lies closely to the circle ir|b-|. 

Lemma 6.5. There exist n — 1 annuli satisfying An-i -< ■ ■ ■ -< Ai and two simply 

connected domain Uq and Uoo which contains and oo respectively, such that 

(1) C/oo D C \ D and P„(C/oo) C ?7oo U {1}; 

(2) Ai D T\b,] U CPi, Pn{A^) C Uo for odd i and P„(^i) C Uoo for even i; 

(3) Pn{Uo) C Uoo for even n and Pn{Uo) C Uq for odd n. 



6.2 



Lemma 

\Rn{z 

where 



Proof. Let U oo '■= C \ D be the exterior of the closed unit disk. Then (1) is obvious if we notice 
Let £ = s"+i/2 and Ai = ^\bi\{i-2e).\bi\{i+2e)- From (6.1), we know that 

Pn{z) - Bn 71.2;"+^ + 1 ^ | ^| (_i)n+i | ^2n+2 _ ^2n+2 1 (-1)^-1 ^^-j 



An 



n + l 



i-l 



n-1 



j-i 



n i^i('"+')(-^)^"-Q.(^) 
j=i+i 



and 



Qi{z) 



i-l 

nil 



(z/b,) 



2n+2|(-l) 



i-l 



n-1 



n 

j=i+i 



\2n+2|(-l) 



(6.19) 



(6.20) 



(6.21) 
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If z G Ai, where l<i<n — l,we have 

t— 1 n— 1 

j=l j=i+l 

and 



i-l 



g,(z)>n(l + 3|6^/6,f"+') ' n (l + 3|6iAP"+') '>il + 6s 



rt-l 



2n+2\-2 



(6.22) 



(6.23) 



-2n-l ^ in-5 



Note that e = s"+i/2 < (5n) ^" -"^ < 10 ^. If n is even and l<i<n— lis odd, then for 



z G we have 



\Rniz) 



2n+2 



^2n+2| 



1 



|n+l 



;(i-l)(ri+l) 



Qi(2) < 



|6i|"+i(l + (1 + 2e)2"+2) (1 + 6s2"+2)2 



(1 - 2e)"+i 



5(i-l)(n+l) 



1 + (1 + 2e)2"+2 



(l+6s2"+2)2s"+l ^ 2.1-5 



n+1 



(1 - 2e)"+i 

If n and I < i < n — 1 are both even, then for z G Ai, we have 

l^r''" 1 ^ , . (l-2e)"+i 



\Rn{z) 



|^._^|2n+2|^|2n+2 



|^|n+l|^2n+2 _ ^2n+2| ^{i_2)(n+l) > ^ + + 2e)2"+2 

This means that if n is even and l<i<n — lis odd, for z £ Ai, we have 
2.1 • • (n + 1) A 



(1 -6s 



2n+2\2 



> 0.49. 



\Pniz)\ < 



nz 



n+l _j_ I 



^l^^l < 2.1(."+V2/5).(i^^2n+Y(^^i)) ^ ^2n+l ^ ^^^^^^ 



1 - n(l + 2e)s"+i 3n + 3 

by Lemma 6.1 2). If n and 1 < i < n — 1 are both even, then for z G ^j, we have 
0.49(n + 1)A 



\Pniz)\ > 



nz 



n+l I 



, „ , 0.49(n + 1)(1 - s2'^+V(?^ + 1)) s2"+i n + l 

\Bn\ > — 1 — > ; > 1. 



1 + n(l + 2e)s"+i 3n + 3 ' 3 

By the completely similar arguments, one can show that if n is odd, for z £ Ai, we have 

\Pn{z)\ < for odd i and |P„(z)| > 1 for even i. (6.24) 

Let Uq = Ur, where r = s"+i/2. This proves (2). 

If n is odd, for every z such that \z\ < s'^^^^'^, we have 



\Pn{z)\ < 



{n + l)An 



n-l 



I n+l 



n i^^i^''^ 



+2)(-l)' 



i=l 



< 



(n + l)(l + s2"+i/(n+l)) 
1 - ns"^+"/2 



n-l 

n 

2 = 1 

n-l 



2n+2 



(-1)* 



;3(n+l)/2 



i=l 



n 1+2 



^2n+2 
2n+2 



+ \Bn 



\Z 



„2n+l 

^ n+1/2 



|2n+2 y + 3„ + 3 < * 



It fohows that Pn(ID'r) C for odd n, where r = s"+^/2_ 

If n is even, then P„ maps a neighborhood of to that of oo. For every z such that \z\ < s"'^^^'^, 
we have 



n-l 



1 + ns"'^+'^/2 



i=l 



|2n+2 
.|2n+2 



^2n+l 



3n + 3 



This ends the proof of (3). The proof is completed. 



> n > 1. (6.25) 



□ 



Proof of Theorem 1.7 Let A := C\ (C/qUC/oo). The Julia set of P„ is equal to nfc>o ^n'^C^)- Note 
that Pn is geometrically finite. The argument is completely similar to the proofs of Theorems 
|l.l| and |1.6[ The set of Julia components of Pn is isomorphic to the one-sided shift on n symbols 
^n '■= {0, 1, • • • ,n — 1}^. In particular, the Julia set of Pn is homeomorphic to S„ x S^, which is 
a Cantor set of circles as desired (See Figure [6|. We omit the details here. □ 
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Figure 6. The Julia set of P3, which is a Cantor set of circles. The parameter s is 
chosen small enough. The gray parts in the Figure denote the Fatou components 
which are iterated to the attracting Fatou component containing the origin, while 
the white parts denote the Fatou components iterated to the parabolic Fatou com- 
ponent whose boundary contains the parabolic fixed point 1. Some equipotentials 
of Fatou coordinate have been drawn in the parabolic Fatou component and its 
preimages. Figure range: [—1.6,1.6] x [—1.2,1.2]. 



7. Proof of Lemma 



6.2 



This section will devote to proving Lemma 6.2, which is the key ingredient in the proof of 
Lemma inland hence in Theorem ILTI 



Proof. Let R{z) = l/P„(l/z), then Lemma [6.2| is reduced to proving R{B) C D U {1}. Let 

;alculation, wt 

R{w) := R{z) 



w = z"""*"^, by a straightforward calculation, we have 

w + n 1 



n + 1 S{w) ' 



(7.1) 



where 



n-l 



4 = 1 



H{w) - 1 



and 



n—1 



n-l 



2n+2^2x(-l)» 



(7.3) 



i=l 



1=1 



Since H{1) = 1, it follows that H'{1) is a finite number. In fact, 

l_ A2n+2^„2 



I{w) 



H{w) 



%=1 ^ 



(7.4) 



We know that /(I) = H'{\) = — 2C„. For every small enough — 1, we can write S{w) as 

2 H{u,)-l 2 



S{w) = 1 + 



{w - If 



1 + (2n + 2)Cn 



=:1 + ^A:^ — ^^TT^-^(^«), 



w — 1 



1 + (2n + 2)Cn 



(7.5) 
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where 



k>2 



kl 



(7.6) 



The next step is to estimate H^^\l) for every k>2. 
For every /c > 1, let 



n— 1 / 

nH = 5](-irM- 
1=1 ^ 

Y;,iw) = 2kwYk+i{w). 



In particular, 11(1) = C„ and 
If \w\ = 1, we have 
\Ykiw)\ < 



1 



^2n+2 



n-1 



i=2 



^2n+2^^_^2n+2 



2n+2\ 



< 



11 



10 



^2n+2 



1 - 



Similarly, we have |yfc(w)| > ^|bi"+V(l - b?"^^)!^- This means that 



10 

Yk+ijw) 
Yk{w) 



< 



11 



(,2n+2 



< 2s 



2n+2 



< 1/2. 



(7.7) 
(7.8) 

(7.9) 
(7.10) 



1 - 

We first claim that |/(^Hl)l < 2*=+iA;!|C„| for every A; > 0. Since I^^\w) = -2wYi{w) and 
lW{w) = -2Yi{w) - 4w^Y2{ w), it can be proved inductively that I^^\w) can be written as 

/W(u;) = Y^Q^^^[w) = Y,Pk,j{w)Ykj{w), (7.11) 
i=i i=i 

where Pkj{w) is a polynomial with degree at most k + 1 and Ykj = Yi for some 1 < / < A; + 1. 
Note that some terms Qk,j may be equal to zero (the degree of corresponding polynomial Pkj 
is regarded as —00) and the formula (7.11) can be simplified, but what we need is this "long" 
expansion. In particular, without loss of generality, for 1 < j < 2^, we require further that 

Pk+i,2j-iiw)Yk+i^2j-i{w) = Pl,j{w)Ykj{w) and Pk+i,2j{w)Yk+i^2j{w) = Pk,jiw)Y^ j{w). (7.12) 

Since deg(Pfcj) < A; + 1 and Y^j = Yi for some 1 < / < A; + 1, it follows that 

|i^fc+l,2j-l(l)n+l,2i-l(l)| + |Pfc+l,2j(l)n+l,2i(l)| 

= \pi^^{m{i)\ + \PkAi)Yi{i)\ 

<{k + l)|Pfc,,(l)ll(l)| + 2(A; + l)|Pfc,,(l)yz+i(l)| 

< 2[k + l)\PkAl)YkAl)\ 

since |y/+i(l)/l^(l)| < 1/2 for every / > 1 by ^TW^ . 

Denote := Y.f=i\Pk,j{l)Yk,j {1)1 we have ||/('=)(l)ll < 2A;||/('=-i)(l)||. This means 

that 

|j(fc)(l)| < ||/W(1)|| < 2'=A:!||/(°)(1)|| = 2''+^k\\Cn\. (7.14) 

This proves the claim < 2^^^k\\Cn\ for every A: > 0. 

Secondly, we check by induction that |ff^'^)(l)| < 4'^A:!|C„| for A; > 1. For A; = 1, we have 
\H'{1)\ = 2\Cn\ < 4|C„|. Assume that |-H'(*^(1)| < 4*i!|C„| for every 1 < i < A;. By ([7^, we have 
H'{w) = H{w)I{w). So 

k 



(7.13) 



|^(fc+i)(l)| < + ^ 



k\ 



.-i!(A;-i)!' 
< 2'=+ifc!|C„|(l + 2''+'\Cn\) < 'i'^+Hk + 1)!|C„| 
since |/(^-')(l)| < 2''-'+^{k - i)!|C„| and |fW(1)| < 4H\\Cn\ for every 1 < i < A;. 



(7.15) 
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lfw = e'^ for \e\ < 1/20, then j-u; - 1| < \e\ < 1/20. By and (7.15), we have 



mw)\ < J^4'=|C7„|(l/20)'=-2 < 16|C„| J^S-'^ = 20|C„|. 



k>2 



By (jT^j) and ( |7.16[ ), it foUows that 

|5H|>i- 



1 - (2n + 2)|C, 



A;>0 



r20|C„| > 1 



^2n+l 



n+1 



(7.16) 



(7.17) 



since n > 2 and |C„| < s2"+V(8(n + 1)^) by ( [6^ . 
On the other hand, if w = e*^ for < \9\ < vr, then 



w + n 



n + 1 



An 2 ^ 

7 TTT sin - 

(n + l)2 2 



1/2 



< 1 



4n 



7r2(n+l)2 



1/2 



< 1 



2n 



(n + l)27r2 



since (1 — x)^/2 < 1 — x/2 for < x < 1. This means that if w = e*^ for \9\ < 1/20, then 



\R{w)\ < (1 



2n -2„+i 



(n + l)27r2 

Moreover, |i?(t«)| = 1 if and only if w = 1. 

lfw = e'^ for \e\ > 1/20, by (IT^ and Lemma 



0^)(1 



l2\-l 



n + 1 



< 1. 



(7.18) 



(7.19) 



6.1 



\S{w)\ > (1 



„2n+l 



n-1 



n + 



|2n+2N 



2), we have 

„2n+l 



i=l 



3n + 3 



> 1 



3g2n+l 

n + 1 



(7.20) 



0(1 



3s2-+i , 



< 1. 



(7.21) 



By ( |7.18[ ) and ( |7.20[ ), we have 

This means that R{w) maps the boundary of the unit disk into the unit disk except at w = 1. 
Since R{w) / oo if \w\ < 1, we know that i?(D) C D U {1}. Therefore, ^(D) C D U {1} and R 
maps {z G C : z"^^^ = 1} onto 1. This ends the proof of Lemma 



6.2 



□ 
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